Global existence for wave maps with torsion by Anco, Stephen C. & Isenberg, James
ar
X
iv
:m
at
h-
ph
/0
00
70
32
v1
  2
5 
Ju
l 2
00
0
GLOBAL EXISTENCE FOR WAVE MAPS
WITH TORSION
Stephen C. Anco1 and James Isenberg2
1 Department of Mathematics
Brock University, St Catharines, ON L2S 3A1, Canada
Email: sanco@brocku.ca
2 Department of Mathematics and Institute of Theoretical Science
University of Oregon, Eugene, OR 97403-5203, USA
Email: jim@newton.uoregon.edu
Abstract
Wave maps (i.e. nonlinear sigma models) with torsion are consid-
ered in 2+1 dimensions. Global existence of smooth solutions to the
Cauchy problem is proven for certain reductions under a translation
group action: invariant wave maps into general targets, and equiv-
ariant wave maps into Lie group targets. In the case of Lie group
targets (i.e. chiral models), a geometrical characterization of invari-
ant and equivariant wave maps is given in terms of a formulation using
frames.
1 INTRODUCTION
There has been considerable progress during the last ten years in the mathe-
matical study of long-time existence properties of solutions of geometrically-
based classical field theories. A significant portion of this work has focussed
on the study of what are called wave maps in the mathematics literature and
nonlinear sigma models (or, in certain special cases, chiral models) in the
physics literature. These are defined as maps ψ from a Lorentzian geometry
(Mm+1, η), e.g. Minkowski space, to a Riemannian geometry (Nn, g), e.g. a
symmetric space or a compact Lie group, with ψ being a critical point for
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the functional 1
S[ψ] =
∫
Mm+1
ηµνgAB(ψ)∂µψ
A∂νψ
B, (1)
and hence satisfying the wave map equation
ηµν∇µ∂νψA + ΓABC(ψ)∂µψB∂νψCηµν = 0; (2)
here ∇ is the (torsion-free) derivative operator determined by the metric η,
and Γ are the (torsion-free) connection coefficients compatible with g.
Wave maps have a well-posed Cauchy problem, and it is known that for
1+1 dimensional base geometries (M1+1, η), every choice of smooth initial
data evolves into a global smooth solution [1, 2, 3], while for 3+1 (or higher)
dimensional base geometries, certain smooth initial data leads to solutions
with singularities [3, 4]. Not yet understood is what happens in general
for 2+1 dimensional base geometries. This is the “critical dimension” (see
[5, 6]), where global smooth solutions are expected, at least, for all smooth
initial data of sufficiently small energy. While global existence results are
known to hold for certain classes of rotationally-symmetric wave maps in
2+1 dimensions (without restrictions on the energy) [7, 4], not much is known
otherwise for critical wave maps [6].
An interesting modification to the wave map equations can be obtained
by adding torsion. This can be done in 2+1 dimensions, without adding
extra dynamical fields, as follows. One fixes a pair of background fields: a
closed one-form field v on the base manifoldM2+1 and a non-closed two-form
field p on the target Nn. The field p serves as a “torsion potential” in the
sense that the torsion tensor on Nn is defined as
QABC = 3/2g
AD∂[DpBC]. (3)
A map ψ :M2+1 → Nn is defined to be a torsion wave map if it is a critical
point for the functional
Stor[ψ] =
∫
M2+1
(
ηµνgAB(ψ)∂µψ
A∂νψ
B + λǫµνσvσpAB(ψ)∂µψ
A∂νψ
B
)
(4)
1 Integrals over Mm+1 are understood to use the natural volume form compatible with
the metric η.
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where λ is a coupling constant and ǫ is the 2+1 volume tensor normalized
with respect to η. The torsion wave map equation obtained from (4) is given
by
ηµν∇µ∂νψA + Γ˜ABC(ψ)∂µψB∂νψC
(
ηµν + λǫµνσvσ
)
= 0 (5)
where
Γ˜ABC = Γ
A
BC +Q
A
BC (6)
are the connection coefficients 2 compatible with g, with torsion Q. Note
that the effect of the torsion is to add the nonlinear term
λǫµνσvσQ
A
BC(ψ)∂µψ
B∂νψ
C (7)
to the wave map equation (2).
Wave maps without torsion have a conserved, symmetric stress-energy
tensor [5] arising from the functional S[ψ]. With the addition of torsion, the
corresponding symmetric stress-energy tensor obtained from the functional
Stor[ψ] is no longer conserved. However, we point out that a non-symmetric
stress-energy tensor can be derived by considering the variation of Stor[ψ]
under infinitesimal diffeomorphisms of M2+1 acting on η, ǫ, v, and ψ. This
leads to
T µα = η
µνgAB∂νψ
A∂αψ
B − 1/2δµαηνσgAB∂νψA∂σψB
+1/2λǫµνσvαpAB∂νψ
A∂σψ
B (8)
which satisfies
∇µT µα = 1/2λǫµνσ∂µψA∂νψBpAB∇αvσ. (9)
Hence T µα is conserved if v is covariantly constant on (M
2+1, η). Further-
more, T µα reduces to the standard symmetric stress-energy tensor for wave
maps without torsion when v is set to zero. The stress-energy tensor (8) is
central to investigating global existence for torsion wave maps.
The critical dimension for torsion wave maps, just as for standard wave
maps, is 2+1. While we do not attempt here to investigate the general
2The contorsion coefficients Γ˜A[BC] compatible with g as determined by the torsion are
identically equal to Q.
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class of critical torsion wave maps, we are able to prove global existence for
various reductions of critical wave maps, with and without torsion, where
the base geometry is Minkowski space. These reductions are defined by
the invariance or equivariance of the wave map ψ under a one-dimensional
group of translations acting on M2+1. More specifically, choose Cartesian
coordinates (x, y, t) for (M2+1, η) and denote the translation group action by
(x, y, t)→ (x, y+λ, t). Then, for any target Nn, a wave map ψ is translation
invariant if
ψA(x, y + λ, t) = ψA(x, y, t). (10)
Translation equivariant wave maps require that the target Nn admit a trans-
lation group action. Let ρAB(λ) denote a representation of the translation
group action on the base M2+1 acting on the target Nn. Then a wave map
ψ is translation equivariant if
ψA(x, y + λ, t) = ρAB(λ)ψ
B(x, y, t). (11)
Note that translation equivariance (11) reduces to translation invariance
(10) when (and only when) the representation ρ(λ) is chosen to be trivial,
ρAB(λ) = δ
A
B.
One class of targets for which there is a natural translation group action
available are Lie groups, G. For a Lie group target Nn = G, left and right
multiplication on G by a one-parameter exponential subgroup exp(λA) define
translation group actions, where A is any element in the Lie algebra of G.
This leads to three types of equivariance as follows. Let Ψ devote a matrix
representation of the wave map ψ : M2+1 → G and let L and R be matrix
representations of elements of the Lie algebra of G. Then ψ is said to be,
respectively, left-translation equivariant if
Ψ(x, y + λ, t) = exp(λL)Ψ(x, y, t), (12)
or right-translation equivariant if
Ψ(x, y + λ, t) = Ψ(x, y, t) exp(λR), (13)
or conjugate-translation equivariant if
Ψ(x, y + λ, t) = exp(λL)Ψ(x, y, t) exp(λR). (14)
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Corresponding to invariant wave maps (10) and equivariant wave maps
(12), (13), (14), we have the following four classes of reductions:
Invariant Wave maps (Any target)
ψ = φ(x, t) (15)
Left-Equivariant Wave maps (Lie group target)
Ψ = exp(yL)ΦL(x, t) (16)
Right-Equivariant Wave maps (Lie group target)
Ψ = ΦR(x, t) exp(yR) (17)
Conjugate-Equivariant Wave maps (Lie group target)
Ψ = exp(yL)ΦC(x, t) exp(yR) (18)
In each case the 2+1 wave map equation for ψ yields a 1+1 reduced equation
for φ,ΦL,ΦR,ΦC , respectively, provided that the target geometry is suitably
invariant as discussed later.
We establish global existence of solutions to the Cauchy problem for the
class of translation-invariant wave maps with torsion in Section 2. While the
proof for these wave maps is very similar to that for 1 + 1 wave maps with
no torsion, the torsion terms do introduce some subtleties into the analysis,
which we highlight.
In order to prove global existence of solutions to the Cauchy problem for
the three classes of translation equivariant wave maps with torsion, we find
it useful to work with a frame formulation for 2 + 1 wave maps . In Section
3 we introduce the frame formulation for general targets and then proceed to
relate wave map equivariance for Lie group targets to frame invariance and
equivariance. In particular, our global existence theorems for equivariant
wave maps have a natural formulation and proof using frames.
The proof for the left equivariant, right equivariant, and conjugate equiv-
ariant wave maps with torsion is fairly similar in each case. We focus on
the left equivariant case (which corresponds to invariant frames) and carry
out the global existence proof in detail, in Section 4. We then briefly note
in Section 5 the differences entailed in proving global existence for the other
two cases. We make a few concluding remarks in Section 6.
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2 INVARIANT WAVE MAPS WITH TORSION
The translation invariance condition (10) is characterized by the wave map
functions (15) being independent of y. Under this reduction the torsion wave
map equation (5) becomes
γαβ∂α∂βφ
A + Γ˜ABC(φ)∂αφ
B∂βφ
C(γαβ + λvyǫ
αβ) = 0 (19)
where γαβ is the 1 + 1 Minkowski metric (α, β run over x and t) and ǫαβ
is the 1 + 1 Levi-Civita tensor. We hereafter take vy to be constant, but
we make no further restrictions: The target (Nn, g) can be any Riemannian
geometry, and the torsion potential p can be any non-closed two form on Nn.
Interestingly, while the torsion term
λvyQ
A
BC(φ)∂αφ
B∂βφ
Cǫαβ (20)
appears in a nontrivial way in the reduced wave map equation (19), and while
the stress-energy tensor (8) generally contains a torsion term, for translation
invariant wave maps the torsion drops out of many of the stress-energy tensor
components. We have
Ttt = Txx =
1
2
(|∂tφ|2 + |∂xφ|2), (21)
Txt = Ttx = ∂tφ
A∂xφ
BgAB, (22)
all of which contain no torsion, along with
Tyy =
1
2
(|∂tφ|2 − |∂xφ|2) + 1
2
λvyǫ
αβ∂αφ
A∂βφ
BpAB, (23)
Txy = 0, (24)
Tyx =
1
2
λvxǫ
αβ∂αφ
A∂βφ
BpAB, (25)
Tty = 0, (26)
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Tyt =
1
2
λvtǫ
αβ∂αφ
A∂βφ
BpAB. (27)
Note that vx and vt do not appear in the reduced wave map equation (19);
setting them to zero does not affect (19), but it does result in Tyx and Tyt
vanishing.
We now consider the Cauchy problem for translation invariant wave maps
(15) with torsion. Initial data at t = t0 consists of a pair of maps
φˆ : Σ→ N, θˆ : Σ→ TN (28)
(here Σ = R1 or S1 allowing for periodic boundary conditions). A solution to
the Cauchy problem is then a map φ : Σ× R1 ≃ M2+1 → N which satisfies
(19) along with the initial conditions
φ(x, t0) = φˆ(x), ∂tφ(x, t0) = θˆ(x). (29)
Note that there are no constraints on the choice of initial data {φˆ, θˆ}. Global
existence of initial value solutions is established by the following theorem.
Theorem 1. For any smooth compact support 3 initial data, the Cauchy
problem (19) and (29) has a unique smooth global solution φ(x, t) for all
t ∈ R1.
Proof: The PDE system (19) is manifestly hyperbolic; hence, local existence
and uniqueness are immediate [9]. To prove global existence, it is sufficient
(by the usual open-closed arguments [9]) to show that if φ(x, t) satisfies (19)
on Σ × I, with I a bounded open interval in R1, then φ(x, t) and all its
derivatives are bounded on Σ× I.
To show that φ and its first derivatives ∂αφ are bounded, we use an
argument based on stress-energy conservation (see [3]). From the form of
the stress-energy components (21) to (27), together with the conservation
equations
∂tT
t
t + ∂xT
x
t = 0, ∂tT
t
x + ∂xT
x
x = 0, (30)
3 φˆ is compactly supported if it is constant everywhere outside a compact region in Σ;
θˆ is compactly supported if it zero outside such a region.
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we find that
γαβ∂α∂βTtt = 0. (31)
It then follows from standard results (see [6]) for the wave equation on 1 +
1 Minkowski space that Ttt is bounded on I. Thus the first derivatives of φ
are bounded. As a consequence of the mean value theorem and the assumed
compact support of the initial data, φ is then bounded as well.
There are a number of ways of proceeding to argue that second and
higher order derivatives of φ are bounded. Here we use an argument which
is adapted from Shatah [6] based on bounding successive kth order energies
Ek(t) = 1
2
∫
Σ
(|∂t∂xkφ|2 + |∂xk+1φ|2)dx. (32)
Note that the ordinary energy
E0(t) =
∫
Σ
Tttdx =
1
2
∫
Σ
(|∂tφ|2 + |∂xφ|2)dx (33)
is bounded and independent of t, E0(t) = E0(t0), for smooth compact support
initial data.
We start by rewriting the torsion wave map equation (19) in the form
DαV Aα = 0 (34)
where V Aα = ∂αφ
A, Dα = γαβDβ, and Dβ = ∂β + Γ
A
BCV
C
β + λQ
A
BCǫβ
αV Cα
defines a covariant derivative operator which includes the connection with
torsion. If we now apply Dβ to equation (34) and commute Dβ past the
derivative operators, keeping track of the various curvature and torsion terms
which arise, then we obtain a nonlinear wave equation for V Aα :
DαDαVβ
A + Pβ
A(V, V, V ) = 0 (35)
where P (V, V, V ) denotes an expression which is trilinear in Vβ
A and involves
no higher derivatives of φA.
By multiplying (35) by γαβgCADtV
C
α , we straightforwardly derive the
conservation equation
Dt(
1
2
|DtV |2 + 1
2
|DxV |2)−Dx(DtV ·DxV ) = P˜ (V, V, V ) ·DV (36)
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where P˜ (V, V, V ) is, like P (V, V, V ), trilinear in V with no higher derivatives
of φA. Now, integrating (36) over Σ, we obtain
∂tE1(t) =
∫
Σ
P˜ (V, V, V ) ·DV dx (37)
for the 1st order energy defined in (32). Estimating the right hand side of
(37), we find
∂tE1(t) ≤ C‖V ‖3L6‖DαV ‖L2
≤ C‖V ‖3L6
√
E1(t) (38)
and hence
∂t
√
E1 ≤ C‖V ‖3L6 . (39)
It follows from Sobolev inequalities that
‖V ‖L6 ≤ C‖V ‖2/3L2 ‖DV ‖1/3L2 , (40)
so we have
∂t
√
E1 ≤ C‖V ‖2L2‖DV ‖L2 ≤ CE0
√
E1. (41)
Since E0 is bounded, it follows from (41) that
√
E1(t) ≤ Cekt (42)
which bounds E1(t), and therefore bounds the L2 norm of DV . Hence
‖∂2αφ‖L2 is bounded.
To bound E2(t), we start from the wave equation (35) for V and repeat
the previous argument. Setting Wβγ
A := DβVγ
A, we derive
DαDαWβγ
A +Rβγ
A(V, V,W ) = 0 (43)
where R(V, V,W ) is bilinear in V , linear in W , and involves no other deriva-
tives of φ. From (43) we obtain the conservation equation
Dt(
1
2
|DtW |2 + 1
2
|DxW |2)−Dx(DtW ·DxW ) = R˜(V, V,W ) ·DW (44)
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where R˜(V, V,W ) has the same properties as R(V, V,W ). Integrating over Σ
and estimating, we obtain
∂tE2(t) ≤ C‖V ‖2L8‖W‖L4
√
E2(t). (45)
Since V and W = DV are L2 bounded, by applying Sobolev inequalities to
(45) we obtain
∂t
√
E2 ≤ C
√
E2 (46)
Hence we have that E2(t) is bounded and therefore so is the L2 norm of DW .
Thus, since DW = DDV , it follows that ‖∂3αφ‖L2 is bounded.
The argument proceeds to all successively higher orders and we thereby
determine that all derivatives of φ are L2 bounded. It follows from Sobolev
embedding that all derivatives of φ are pointwise bounded, which completes
the proof of Theorem 1.
3 EQUIVARIANT WAVE MAPS WITH TORSION
AND THE FRAME FORMULATION
We begin by setting up a frame formulation for wave maps with and without
torsion. (See also [7]). We first choose a frame basis {eAa }(a = 1, . . . , n) for
the target geometry (Nn, g) and let eaA(ψ) denote the frame associated to ψ.
We now define the “frame fields”
Kaµ := e
a
A(ψ)∂µψ
A (47)
where {eaA} are the components of the dual basis to {eAa }. These frame fields
Kaµ may be viewed either as the pull-back of the dual frame {eaA} from Nn
to M2+1 along the map ψ :M2+1 → Nn, or as the frame components of the
wave map gradient on the tangent space of the target geometry (Nn, g). In
any case, it follows from (47) that K satisfies the identity
∇[νKaµ] = −1/2Cbca(ψ)KbνKcµ (48)
where Cbc
a are the frame commutator coefficients defined by
[eb, ec] = Cbc
aea. (49)
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Moreover, one verifies that if ψ satisfies the wave map equation (2), then K
satisfies
∇µKaµ = −Cabc(ψ)KbνKcµηνµ (50)
where Cabc := g
adCdb
egec, with g
ad := eaAe
b
Bg
AB and gab := e
A
a e
B
b gAB; or if ψ
satisfies the torsion wave map equation (5), then K satisfies
∇µKaµ = −Cabc(ψ)KbνKcµηνµ − λǫσνµvσQabc(ψ)KbνKcµ (51)
where Qabc := e
a
AQ
A
BCe
B
b e
C
c .
Up to this point in setting up the frame formulation, we have made no
restrictions on the choice of the target or on the nature of the wave maps.
We now focus on equivariant wave maps (12) to (14) and their corresponding
frame formulations, so we assume the target geometry to be a Lie group G.
While K can be defined for any frame basis on G, the frame field equations
are simplest if we require that {eAa } be a left-invariant basis for G. It then
follows that the commutator coefficients Cbc
a are independent of ψ and are
constant. If we make the further restrictions that the metric g be a left-
invariant tensor on G,
gAB = e
a
Ae
b
Bgab, (52)
and the torsion potential p be a left invariant two-form on G,
pAB = e
a
Ae
b
Bpab, (53)
so that the components gab and pab are constant, then the coefficients C
a
bc(ψ)
are independent of ψ and constant while so are the frame components Qabc(ψ)
as well; in particular, we have
Qabc = −3/2gadpe[dCbc]e (54)
with
Cbc
a = 2eaAe
B
[b|∂Be
A
|c]. (55)
Remark 1: Every nonabelian Lie group admits both a left-invariant metric
g and a left-invariant two-form p. However, for semi-simple Lie groups G,
if G has dimension three then all left-invariant two-forms p are necessarily
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closed, and consequently Q = 0 so there is no torsion. This is not the case if
G has larger dimension. In particular, a non-closed left-invariant two-form p
and hence non-zero torsion Q is admitted by all nonabelian semi-simple Lie
groups G other than the three-dimensional ones (namely SU(2) and its real
forms SO(3), SO(1, 2), SO(2, 1)). See Proposition A in the appendix.
We now find that, assuming the restrictions just noted, we can write
equations (48), (50) and (51) strictly in terms of the frame fields K, with no
explicit ψ dependence:
∇[νKaµ] = −1/2CbcaKνbKcµ, (56)
∇µKaµ = −CabcKbνKcµηνµ, (57)
∇µKµa = −CabcKbνKcµηνµ − λǫσνµvσQabcKbνKcµ. (58)
The field equations (56) and(57) together are a self-contained PDE system for
K which is equivalent to the wave map equation (2); the field equations (56)
and(58) likewise are a self-contained PDE system for K which is equivalent
to the wave map equation with torsion (5). Note that the system with torsion
reduces to the system without torsion when λ = 0.
Proposition 1. Let (M2+1, η) be a Lorentzian geometry, and let Nn = G be
a Lie group target.
1. Suppose that ψA is a solution of the torsion wave map equation (5).
Then Kaµ defined by (47) satisfies the field equations (56) and (58).
2. Suppose that Kaµ is a solution of the field equations (56) and (58). If
M2+1 is simply connected, then there exists a torsion wave map ψA,
satisfying equation (5), which is related to Kaµ by (47).
Proof: To prove part (1), we first note that for Kaµ given by (47), the field
equation (56) is an identity. We then verify that, through the torsion wave
map equation (5), the substitution of (47) for Kaµ satisfies the field equation
(58).
For the converse, to prove part (2), we note the field equation (56) shows
that Kaµ can be viewed as a Lie-algebra valued connection one-form on the
trivial bundle M2+1×G, with zero curvature. Since the bundle is trivial and
the manifold M2+1 is assumed to be simply connected, there exists a global
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parallel section. Correspondingly, there exists a smooth map U :M2+1 → G
(called a “gauge transformation”) in terms of which we have
Kaµ = (U
−1∂µU)
AeaA(I) (59)
where I is the identity element of G.
Now let ψA denote U written in terms of local coordinates on G. It follows
that U−1 pulls back eaA(I) to e
a
A(ψ), at the Lie group element specified by U .
Hence we have
(U−1∂µU)
AeaA(I) = e
a
A(ψ)∂µψ
A. (60)
Combining (60) with (59), we obtain equation (47). Then by substituting
(47) into the field equation (58), we verify that ψ satisfies (5).
We note that, independent of their usefulness for the study of wave maps,
these field theories in terms of K viewed as a Lie-algebra valued one-form
field on M2+1 have some interest as a nonlinear generalization of Maxwell’s
equations. Indeed, for the abelian case Cab
c = 0, the field equations (56)
and (57) are exactly Maxwell’s equations in 2+1 dimensions, while the field
equations (56) and (58) are a modification of Maxwell’s equations by adding
torsion. This relationship is explored elsewhere [10, 11, 12].
Since we will use frame fields to study translation equivariant wave maps,
we now characterize frame fields which correspond to the three classes of
equivariant wave maps (12), (13), (14). We begin with the following defi-
nitions of invariant and equivariant frame fields under a translation group
action.
Invariant Frame Field:
K(x, y + λ, t) = K(x, y, t) (61)
Equivariant Frame Field:
K(x, y + λ, t) = exp(−λA)K(x, y, t) exp(λA) (62)
Here A is an element of the Lie algebra of the target Lie group G, and (x, y, t)
are standard coordinates for the Minkowski space base geometry (M2+1, η).
Geometrically, the translation equivariant group action (62) on K arises
via the pull-back of the dual frame components {eaA} under right multiplica-
tion in G by the one-parameter exponential subgroup generated from the Lie
13
algebra element R. When R = 0 this group action reduces to the translation
invariant group action (61) on K. (Alternatively, note that the translation
invariant group action arises directly by left multiplication in G since the
dual frame is left-invariant.)
Based on Proposition 1, the correspondence between invariant/equivariant
frame fields and wave maps is summarized by the following two results.
Proposition 2.
1. If ψ is left equivariant (12), then the corresponding frame field K is
invariant (61).
2. If ψ is right equivariant (13), then the corresponding frame field K is
equivariant (62), with the components Kay constant.
3. If ψ is conjugate equivariant (14), then the corresponding frame field
K is equivariant (62).
The proof of these correspondences amounts to a direct calculation using
a matrix representation for ψ and K. There are straightforward converse
correspondences as well.
Proposition 3.
1. If K is invariant (61), then the corresponding wave map ψ is left equiv-
ariant (12).
2. If K is equivariant (62), then the corresponding wave map ψ is conju-
gate equivariant (14).
3. If K is equivariant (62) with the components Kay constant, then the
corresponding wave map ψ is right equivariant (13).
Proof: Let U denote a the matrix representation of the wave map ψ cor-
responding to K. We first prove part (1). It follows from the definition of
frame field invariance, together with relation (59), that U satisfies
∂y(U
−1∂µU) = 0. (63)
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Integrating the y component of this equation, and then multiplying both
sides by U , we obtain the linear matrix ordinary differential equation
∂yU(x, y, t) = U(x, y, t)f(x, t) (64)
where f is an arbitrary Lie-algebra matrix valued function (independent of
y). The general solution to (64) is
U(x, y, t) = exp(yA(x, t))V (x, t) (65)
where V is an arbitrary Lie-algebra nonsingular matrix valued function (in-
dependent of y), and A := V fV −1.
We now impose the x, t components of equation (63). Calculating U−1∂tU
with U from (65), we find
U−1∂tU = V
−1∂tV + V
−1 exp(−yA)(∂t exp(yA))V, (66)
so
0 = ∂y(U
−1∂tU) = V
−1 exp(−yA)∂tA exp(yA)V, (67)
which implies that
∂tA = 0. (68)
Similarly, working with U−1∂xU and imposing 0 = ∂y(U
−1∂xU) we determine
that
∂xA = 0. (69)
Thus A must be a constant Lie-algebra valued matrix, which we denote L;
then (65) becomes
U(x, y, t) = exp(yL)V (x, t). (70)
Condition (12) immediately follows, so the wave map corresponding to K is
left equivariant.
We now prove part (2). From the definition of frame equivariance, there
is a y-independent Lie-algebra matrix valued field fµ(x, t) and a constant
Lie-algebra matrix A such that
Kµ(x, y, t) = exp(−yA)fµ(x, t) exp(yA). (71)
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Hence, from relation (59), U(x, y, t) must satisfy
U−1∂µU = exp(−yA)fµ exp(yA). (72)
The y-component of this equation yields
(∂yU) exp(−yA) = U exp(−yA)fy, (73)
and after some manipulation we obtain the linear matrix ODE
∂yW = W (fy − A) (74)
where W (x, y, t) := U(x, y, t) exp(−yA). The general solution to (74) is
W (x, y, t) = exp(yB(x, t))V (x, t) (75)
where V is an arbitrary Lie-algebra matrix valued function, and B is defined
as
B := V (fy − A)V −1. (76)
Working with the other components of equation (72) we derive
∂tW =Wft (77)
and
∂xW = Wfx. (78)
Then rearranging (77) and using (75), we obtain
ft(x, t) = W
−1∂tW = V
−1∂tV + V
−1 exp(−yB)∂t(exp(−yB))V. (79)
Since both ft and V are independent of y, if we take ∂y of both sides of
equation (79) we have
0 = ∂y(V
−1 exp(−yB)∂t(exp(yB))V )
= V −1 exp(−yB)∂tB exp(yB)V (80)
which implies that ∂tB = 0. Similarly, using (78), we find that ∂xB = 0.
Hence B is a constant Lie-algebra matrix, which we denote L. Thus, after
combining (75) with the definition W = U exp(−yA), we see that
U(x, y, t) = exp(yL)V (x, t) exp(yA) (81)
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so U(x, y, t) is conjugate equivariant (14) with R = A.
Finally, we prove part (3). From (81) we have
Ky = U
−1∂yU = exp(−yA)V −1LV exp(yA) + A (82)
which is assumed to be constant. By differentiating with respect to y, we
obtain [V −1LV,A] = 0, and hence (81) becomes Ky = V
−1LV + A. Thus,
it follows that B := V −1LV defines a constant Lie-algebra matrix which
commutes with A. We then have
U(x, y, t) = exp(yL)V (x, t) exp(yA)
= V (x, t) exp(yB) exp(yA) = V (x, t) exp(yR) (83)
where R := A+B. Hence U(x, y, t) is right equivariant (13).
As a consequence of Propositions 2 and 3, we can prove global existence
of solutions to the Cauchy problem for the three classes of translation equiv-
ariant wave maps (with or without torsion) by using invariant or equivariant
frame fields. We do this first for the invariant frame fields in the next section.
Our analysis makes essential use of the wave map stress-energy tensor
(8). Through the relation (47) for K in terms of ψ, we obtain
T µα = η
µνKaνK
b
αgab − 1/2δµαηνσKaνKbσgab + 1/2λǫµνσvαpabKaνKbσ. (84)
One verifies that, for solutions K of (56) and (58) in which (M2+1, η) is
Minkowski space, this non-symmetric stress-energy tensor satisfies the con-
servation equation
∂µT
µ
α = 1/2λǫ
µνσpabK
a
µK
b
ν∂αvσ. (85)
Hereafter we specialize to the situation where v is constant on M2+1. This
makes the analysis of the field equations considerably simpler. In particular,
the stress-energy is strictly conserved, ∂µT
µ
α = 0.
4 GLOBAL EXISTENCE FOR INVARIANT FRAME FIELD
EQUATIONS WITH TORSION
By definition (61) of translation invariance for frame fields, the component
functions Kaµ are independent of y. Then, adopting the convenient notation
Ea := Kax , H
a := Kay , B
a := Kat , (86)
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we find that the translation-invariant frame field equations take the form
∂xH
a = −CbcaEbHc (87)
∂tE
a = ∂xB − CbcaBbEc (88)
∂tH
a = −CbcaBbHc (89)
∂tB
a = ∂xE
a − Cabc
(
BbBc − EbEc −HbHc
)
−λQabc
(
vyB
bEc − vxBbHc + vtEbHc
)
(90)
for the functions {Ea(x, t), Ha(x, t), Ba(x, t)}. Note that, in this system of
field equations, (87) is a constraint equation while (88) to (90) are evolution
equations.
Initial data at t = t0 for the Cauchy problem is specified by choosing (on
Σ = R1 or S1 allowing for periodic boundary conditions) Lie-algebra valued
functions {Eˆa(x), Hˆa(x), Bˆa(x)} which satisfy the constraint
∂xHˆ
a = −CbcaEˆbHˆc. (91)
A solution to the Cauchy problem is then a set of fields {Ea(x, t), Ha(x, t),
Ba(x, t)} satisfying (88) to (90) and the initial conditions
Ea(x, t0) = Eˆ
a(x), Ha(x, t0) = Hˆ
a(x), Ba(x, t0) = Bˆ
a(x). (92)
To show that the Cauchy problem is well-posed, we note that well-posed-
ness is known for the wave map equation without torsion [6], which is equiv-
alent to the system (87) to (90) up to the addition of the torsion terms
involving λ. These terms do not involve any derivatives of the fields and
hence do not effect the well-posedness. Alternatively, we note that, up to
such terms, the system is equivalent to the Maxwell equations in 2+1 dimen-
sions, which constitute a well-posed system. It follows that the system (87)
to (90) is well-posed and, moreover, is first-order hyperbolic.
In this section we prove global existence of smooth solutions to the Cauchy
problem for the 1+1 field equations (87) to (90). The proof relies on the use
of the stress-energy tensor (84) along with light cone estimates.
To proceed we write out the components of the stress-energy tensor (8)
in terms of Ea, Ha, Ba. Using the coordinates (x, y, t) for M2+1 we have
Txx =
1
2
(E2x −E2y +B2) + λvxHaBbpab (93)
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Tyy =
1
2
(− E2x + E2y +B2) + λvyBaEbpab (94)
Ttx = E · B + λvxHaEbpab (95)
Txt = E · B + λvtHaBbpab (96)
Tty = H · B + λvyHaEbpab (97)
Tyt = H · B + λvtBaEbpab (98)
Txy = E ·H + λvyHaBbpab (99)
Tyx = E ·H + λvxBaEbpab (100)
where E2 := EaEbgab and E ·B = EaBbgab, etc..
For derivation of light cone estimates, it is useful to work with null com-
ponents of the stress-energy tensor. We introduce null coordinates which mix
t and x (but not y):
ℓ = t + x x = 1
2
(ℓ+ n)
←→
n = −t + x t = 1
2
(ℓ− n)
. (101)
Then we find (for the components we will need):
Tℓℓ = K
2
ℓ + λvℓH
aKbℓpab
=
1
4
(B + E)2 +
λ
4
(vt + vx)H
a(Bb + Eb)pab (102)
Tnn = K
2
n − λvnHaKbnpab
=
1
4
(−B + E)2 − λ
4
(−vt + vx)Ha(−Bb + Eb)pab (103)
Tℓn = −1
2
K2y − λvnKaℓHbpab
= −1
2
E2y +
λ
4
(−vt + vx)Ha(Bb + Eb)pab (104)
Tnℓ = −1
2
K2y + λvℓK
a
nH
bpab
= −1
2
E2y −
λ
4
(vt + vx)H
a(−Bb + Eb)pab. (105)
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For these components the stress-energy conservation equation (85) has the
null component form
∂nTℓℓ + ∂ℓTnℓ = 0, (106)
∂ℓTnn + ∂nTℓn = 0. (107)
These equations are essential for the derivation of the light cone estimates
we will need.
Also important for our analysis is the energy function
E(t) =
∫
Σ
Tttdx
=
∫
Σ
(
1
2
(E2 +H2 +B2) + λvtH
aEbpab)dx (108)
We note that for certain values of the coupling constant λ, the energy E(t)
can be negative, and it therefore does not in general control the L2 norm of
Ea, Ha, or Ba. However, for sufficiently small λ, there is a constant k > 0
such that
1
k
(E2x + E
2
y) ≤ E2x + E2y + 2λvtHaEbpab ≤ k(E2x + E2y) (109)
and hence the energy is positive, so that E(t) does consequently control
‖E‖L2,‖H‖L2 , and ‖B‖L2. We assume henceforth that λ is sufficiently small
for this to be the case. 4
We now state our main results. Let Σ denote R1 or S1, and introduce
coordinates (x, t) for Σ × R1 ≃ M2+1. Fix constants vt, vx, vy. Let G be a
Lie group with Cbc
a denoting the Lie-algebra commutator structure tensor.
Fix on the Lie algebra of G a positive definite metric tensor gab (it need not
necessarily be compatible with the commutator) and a skew-tensor pab. Let
Qabc be the tensor defined by (54).
4It is sufficient that λ satisfy
|λ| ≤ 1/
√
|vt||p|
where |p|2 = |pabpcdgacgbd|.
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Theorem 2. Let λ be a small constant.4 For any smooth compact support
initial data (92) satisfying (91), the Cauchy problem (87) to (90) has a unique
smooth global solution {Ea(x, t), Ha(x, t), Ba(x, t)} for all t ∈ R1
Combining this result with Propositions 2 and 3 from Section 3, we have
a corresponding result for wave maps.
Theorem 3. The Cauchy problem for left-translation equivariant Lie group
wave maps (12), with or without torsion, has a unique smooth global solution
for all smooth compact support initial data.
Proof of Theorem 2:
Local existence and uniqueness of smooth solutions of the PDE system
(87) to (90) follows from standard results (see, for example,[9]) for first-order
hyperbolic systems in 1+1 dimensions. In order to prove global existence, it is
sufficient by the usual “open-closed” arguments [9] to establish the following:
For {Ea(x, t), Ha(x, t), Ba(x, t)} satisfying equations (87) to (90) for t ∈ I,
with I a bounded open interval in R1, each component of these fields is
bounded for t ∈ I, as are all orders of their derivatives. We prove this
boundedness result as follows:
Step 1: Conserved Energy
It follows from the stress-energy conservation equation ∂tTtt−∂xTxt = 0 that
the energy E(t) satisfies d
dt
E(t) = F(t) where
F(t) :=
∫
Σ
∂xTxtdx = Txt
∣∣∣
∂Σ
(110)
is the flux. If we are working on Σ = S1, then ∂Σ is empty, so F(t) = 0. If
instead Σ = R1, then we note that as a consequence of hyperbolicity of the
system (87) to (90), the fields {Ea, Ha, Ba} have compact support on Σ for
all t ∈ I, and hence F(t) = 0. Thus, the energy is conserved, E(t) = E(t0),
for all t ∈ I.
As we noted earlier, the energy controls the L2 norm of the fields {Ea,
Ha, Ba}, so long as λ is sufficiently small (as assumed in the theorem). Hence
we have
‖Ea‖L2(Σ) < k, ‖Ha‖L2(Σ) < k, ‖Ba‖L2(Σ) < k (111)
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for some constant k (depending on E(t0)), for all t ∈ I.
Step 2: Bounded Ha
In the system (87) to (90), the field Ha enters in a different way from Ea and
Ba, since the evolution equation (89) for Ha involves no spatial derivative
terms, and the constraint equation (87) has ∂xH
a appearing, but no spatial
derivatives of Ea or Ba. Consequently, we treat Ha differently from the other
two fields: we first show that Ha is bounded, and then use this in showing
that Ea and Ba are bounded.
To start, we integrate the absolute values of both sides of the constraint
equation (87) over Σ, obtaining
∫
Σ
|∂xHa|dx =
∫
Σ
|CbcaEbHc|dx. (112)
Since Cbc
a is constant, there exists a constant k1 such that
|CbcaEbHc| ≤ |Cbca||Eb||Hc| ≤ k1(E2 +H2) (113)
by standard algebraic inequalities. It follows from (112) and (113) together
with the bounds (111) that
∫
Σ
|∂xHa|dx ≤ k2 (114)
for a constant k2. Combining (114) with the mean value theorem, we obtain
controls on the spatial variation of Ey(x, t) for any fixed time t. In particular,
for any x1, x2 ∈ Σ with fixed t, we have
|Ha(x2, t)−Ha(x1, t)| = |
∫ x2
x1
∂xH
a(x, t)dx|
≤
∫ x2
x1
|∂xHa(x, t)|dx ≤ k2. (115)
If we are working on Σ = R1, we can choose x1 outside the support of
Ha(x, t) for all t ∈ I, and therefore it follows from (115) that |Ha(x, t)| ≤ k2
for all (x, t) ∈ Σ× I. Hence, Ha(x, t) is bounded on Σ× I.
If instead we are working on Σ = S1, we need to do more to bound
Ha(x, t). Consider
∫
S1 H
a(x, t)dx, which is the spatial average of Ha on S1.
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From the fundamental theorem of calculus, and from the evolution equation
(89), we obtain (for t ∈ I)
∫
S1
Ha(x, t)dx =
∫ t
t0
d
ds
∫
S1
Ha(x, s)dxds+
∫
S1
Ha(x, t0)dx
= −
∫ t
t0
∫
S1
Cbc
aBb(x, s)Hc(x, s)dxds+
∫
S1
Ha(x, t0)dx.
(116)
Next, using standard quadratic algebraic inequalities, we note that∫
S1 Cbc
aBbHcdx is bounded in terms of the energy,
|
∫
S1
CabcB
bHcdx| ≤ k3E(t) = k3E(t0) (117)
for some constant k3. Hence,
∫ t
t0
∫
S1 Cbc
aBb(x, s)Hc(x, s)dxds is bounded
above and below,
|
∫ t
t0
∫
S1
Cbc
aBb(x, s)Hc(x, s)dxds| ≤ (t− t0)k3E(t0) ≤ k4 (118)
for some constant k4, for all t ∈ I. Then since
∫
S1 H
a(x, t0)dx involves initial
data only, it also is bounded above and below. Therefore, from (116) we have
that
|
∫
S1
Ha(x, t)dx| ≤ k5 (119)
and so the average of Ha over S1 is bounded above and below, for all t ∈ I.
Combining this result with the spatial variance control (115), we conclude
that Ha(x, t) is bounded (above and below) on Σ× I.
Step 3: Bounded Ea and Ba
While standard 1+1 light cone arguments do not directly apply to the system
(87) to (90), a modified argument can be used with the pointwise bounds on
Ha achieved in Step 2.
Using the null form of the stress-energy conservation laws (106)-(107),
along with the expressions (102)-(105) for the stress-energy components, we
have
∂n(B + E)
2 = 2∂ℓH
2 − λ(vt + vx)pab∂n
(
Ha(Bb + Eb)
)
+λ(vt + vx)pab∂ℓ
(
Ha(−Bb + Eb)
)
, (120)
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∂ℓ(−B + E)2 = 2∂nH2 − λ(−vt + vx)pab∂n
(
Ha(Bb + Eb)
)
+λ(−vt + vx)pab∂ℓ
(
Ha(−Bb + Eb)
)
. (121)
We use the field equations (87) to (90) to remove all of the derivatives which
appear on the right-side of these equations. Thus
∂n(B + E)
2 = −2HbHc(Ba + Ea)Cabc
−2λ(vt + vx)Ha(−Bb + Eb)(Bc + Ec)Qbca (122)
and
∂ℓ(−B + E)2 = −2HbHc(−Ba + Ea)Cabc
−2λ(−vt + vx)Ha(−Bb + Eb)(Bc + Ec)Qbca. (123)
It is convenient here to let αa := Ba + Ea and βa := −Ba + Ea, and so we
have
∂nα
2 = −2CabcHbHcαa − 2λ(vt + vx)QbcaHaβbαc (124)
and
∂ℓβ
2 = −2CabcHbHcβa − 2λ(−vt + vx)QbcaHaβbαc. (125)
Since Cabc, Qbca, λ, vt and vx are constant, and since H
a is bounded on Σ×I,
we immediately have the following estimates for the right-sides of (124) and
(125):
∂nα
2 ≤ k6
√
α2 + k7
√
α2
√
β2 (126)
and
∂ℓβ
2 ≤ k8
√
β2 + k9
√
α2
√
β2 (127)
with some constants k6, k7, k8, and k9.
We now apply a light cone argument to the differential inequalities (126)
and (127). First, choose an arbitrary point (xˆ, tˆ) in Σ×I to the future of the
initial surface Σ, so tˆ > t0, and integrate α
2 back along the light ray parallel
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to ∂n via (126) and also integrate β
2 back along the light ray parallel to ∂ℓ
via (127). This yields
α2(xˆ, tˆ) ≤ α2(xˆ+ tˆ− t0, t0) + k6
∫ tˆ
t0
√
α2(xˆ+ tˆ− s, s)ds
+k7
∫ tˆ
t0
√
α2(xˆ+ tˆ− s, s)
√
β2(xˆ+ tˆ− s, s)ds (128)
and
β2(xˆ, tˆ) ≤ β2(xˆ+ t0 − tˆ, t0) + k8
∫ tˆ
t0
√
β2(xˆ− tˆ+ s, s)ds
+k9
∫ tˆ
t0
√
α2(xˆ− tˆ+ s, s)
√
β2(xˆ− tˆ + s, s)ds. (129)
Next, take the supremum of these expressions over Σ. Letting αˆ2(t) :=
supx∈Σ α
2(x, t) and βˆ2(t) := supx∈Σ β
2(x, t), we obtain from (128)
αˆ2(tˆ) ≤ αˆ2(t0) + k6 sup
x∈Σ
∫ tˆ
t0
√
α2(x, s)ds
+k7 sup
x∈Σ
∫ tˆ
t0
√
α2(x, s)
√
β2(x, s)ds
≤ αˆ2(t0) + k6
∫ tˆ
t0
√
αˆ2(s)ds+ k7
∫ tˆ
t0
√
αˆ2(s)
√
βˆ2(s)ds
≤ αˆ2(t0) + k10(tˆ− t0)1/2
( ∫ tˆ
t0
αˆ2(s)ds
)1/2
+k11
( ∫ tˆ
t0
αˆ2(s)ds
)1/2 ( ∫ tˆ
t0
βˆ2(s)ds
)1/2
(130)
where the last step is a consequence of the Holder inequality. If we define
a(t) :=
∫ t
t0
αˆ2(s)ds (131)
and
b(t) :=
∫ t
t0
βˆ2(s)ds (132)
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then (130) can be written as (with tˆ replaced by t)
d
dt
a(t) ≤ a(t0) + k10(t− t0)1/2a1/2(t) + k11a1/2(t)b1/2(t). (133)
Similarly, from (129), we derive
d
dt
b(t) ≤ b(t0) + k12(t− t0)1/2b1/2(t) + k13a1/2(t)b1/2(t). (134)
We want to show a(t) and b(t) are bounded functions of t by applying a
Gronwall type argument to the coupled inequalities (133),(134). It is useful
first to divide by a1/2(t) in (133) and by b1/2(t) in (134), yielding
d
dt
a1/2(t) ≤ a(t0)a−1/2(t) + k10(t− t0)1/2 + k11b1/2(t), (135)
d
dt
b1/2(t) ≤ b(t0)b−1/2(t) + k12(t− t0)1/2 + k13a1/2(t). (136)
We estimate the term a(t0)a
−1/2(t) by using the fact that a(t) is a monotonic
increasing function of t, due to positivity of αˆ2 in (131). Thus, a(t0)a
−1/2(t) is
bounded by a−1/2(t0). In addition, we note the term k10(t− t0)1/2 is bounded
since t ∈ I is bounded. We thereby obtain
d
dt
a1/2(t) ≤ k14 + k11b1/2(t). (137)
Similarly, we obtain
d
dt
b1/2(t) ≤ k15 + k13a1/2(t). (138)
Adding (137) and (138), and defining c(t) := a1/2(t) + b1/2(t), we derive
d
dt
c(t) ≤ k18 + k17c(t). (139)
Gronwall’s inequality immediately applies to (139), and so we determine that
c(t) is bounded for all t ∈ I. Then a1/2(t) and b1/2(t), which are positive, are
bounded.
Returning to the inequalities (133)-(134), it follows that d
dt
a(t) and d
dt
b(t)
are each bounded. Hence, from the definitions of a and b, we obtain that
supΣ α
2 and supΣ β
2 are bounded for all t ∈ I. Since α2 = (Ba + Ea)2 and
β2 = (−Ba + Ea)2, we conclude that Ba(x, t) and Ea(x, t) are bounded on
Σ× I.
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Step 4: Bounded Derivatives
Now that we have determined that Ea, Ha, and Ba are bounded on Σ×I, we
proceed to show that the first derivatives of these functions, and subsequently
all higher order derivatives, are bounded on Σ× I.
We start with Ha. From (87) and (89), it follows that since Ea, Ha, and
Ba are bounded, then ∂xH
a and ∂tH
a are bounded. Similarly, if the order n
derivatives of Ea, Ha, and Ba are bounded, then it follows from (derivatives
of) (87) and (89) that the order n+1 derivatives of Ha are bounded. Hence,
(by induction on n), the derivatives of Ha to all orders are bounded.
For Ea and Ba, we use light cone arguments much like step 3, but involv-
ing a “derivative stress-energy” tensor. Specifically, let
T(1)ℓℓ =
1
4
(∂xB + ∂xE)
2 +
λ
4
(vt + vn)∂xH
a(∂xB
b + ∂xE
b)pab (140)
T(1)nn =
1
4
(−∂xB + ∂xE)2 − λ
4
(−vt + vn)∂xHa(−∂xBb + ∂xEb)pab (141)
T(1)ℓn = −1
2
(∂xH)
2 +
λ
4
(−vt + vn)∂xHa(∂xBb + ∂xEb)pab (142)
T(1)nℓ = −1
2
(∂xH)
2 − λ
4
(vt + vn)∂xH
a(−∂xBb + ∂xEb)pab (143)
as defined analogously to the stress-energy components (102) to (105). Then,
as a consequence of the field equations (87) to (90), we find
∂nT(1)ℓℓ + ∂ℓT(1)nℓ = Y1(E,H,B; ∂xE, ∂xB) (144)
and
∂ℓT(1)nn + ∂nT(1)ℓn = Y2(E,H,B; ∂xE, ∂xB) (145)
where Y1 and Y2 are homogeneous quadratic in ∂xE and ∂xB, with bounded
coefficients. Although (144) and (145) are not strict conservation equations,
we can nevertheless proceed similarly to step 3.
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Through use of the field equations, we can express (144) and (145) as
∂n(∂xB + ∂xE)
2 = Y˜1(E,H,B; ∂xE, ∂xB) (146)
and
∂ℓ(−∂xB + ∂xE)2 = Y˜2(E,H,B; ∂xE, ∂xB) (147)
with Y˜1 and Y˜2 of the same nature as Y1 and Y2. It then follows from standard
algebraic inequalities that
∂n(∂xB + ∂xE)
2 ≤ k19|∂xB|2 + k20|∂xE|2, (148)
∂ℓ(−∂xB + ∂xE)2 ≤ k21|∂xB|2 + k22|∂xE|2. (149)
We now apply the light cone arguments of step 3 to the differential in-
equalities (148) and (149): Starting at an arbitrary point in Σ× I, we inte-
grate (148) and (149) back to the initial surface along light rays generated
by ∂n and ∂ℓ. Taking suprema over Σ and adding the resulting inequalities,
we obtain
sup
x∈Σ
[(∂xB(x, t))
2 + (∂xE(x, t))
2] ≤
k23 + k24
∫ t
t0
sup
x∈Σ
[(∂xB(x, s))
2 + (∂xE(x, s))
2]ds. (150)
Applying the Gronwall inequality to (150) shows that |∂xB| and |∂xE| are
bounded for all t ∈ I. With Ea, Ha, Ba, ∂xEa and ∂xBa bounded, it follows
from the evolution equations (88) and (90) that ∂tE
a and ∂tB
a are bounded
as well.
The previous argument can be applied to all orders of derivatives of the
fields. This establishes that Ea, Ha, Ba, and all of their derivatives are
bounded on Σ×I. Global existence now follows from the usual “open-closed”
arguments.
5 GLOBAL EXISTENCE FOR EQUIVARIANT
FRAME FIELD EQUATIONS WITH TORSION
As discussed in Section 3, while left-equivariant wave maps (12) correspond to
invariant frame fields (61), conjugate-equivariant wave maps (14) and right-
equivariant wave maps (13) correspond to equivariant frame fields (62). In
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this section we show that global existence holds for smooth solutions to the
Cauchy problem for translation equivariant frame fields.
We first note that by definition of translation equivariance, Kaµ(x, y, t)
can be expressed as
Kax(x, y, t) = exp(−yR)Ea(x, t) exp(yR) (151)
Kay (x, y, t) = exp(−yR)Ha(x, t) exp(yR) (152)
Kat (x, y, t) = exp(−yR)Ba(x, t) exp(yR) (153)
in terms of some Lie-algebra valued fields {Ea(x, t), Ha(x, t), Ba(x, t)} which
do not depend on y. Here R is a fixed (constant) element in the Lie algebra;
the left multiplication by exp(−yR) combined with right multiplication by
exp(yR) denotes the adjoint action of a one-parameter Lie subgroup on the
Lie algebra.
Substituting expressions (151) to (153) into the frame field equations
with torsion (56) and (58) on Minkowski space, we obtain the following 1+1
reduced PDE system
∂xH
a = −CbcaEb(Hc − Rc) (154)
∂tE
a = ∂xB
a − CbcaBbEc (155)
∂tH
a = −CbcaBb(Hc −Rc) (156)
∂tB
a = ∂xE
a − CbcaHbRc − Cabc(BbBc − EbEc −HbHc)
−λQabc(vyBbEc − vxBbHc + vtEbHc) (157)
provided that Cabc andQ
a
bc are invariant under the adjoint action of exp(yR).
We note that the only difference between these equations for translation
equivariant frame fields and equations (87) to (90) for translation invariant
frame fields is the presence of the commutator terms involving R.
While the expressions for the field equations are changed somewhat in
passing from invariant to equivariant frame fields, the expressions for the
stress-energy components (93) to (100) and (102) to (105) do not change at
all. (In particular, whileKaµ is not independent of y, the quadratic expressions
KaµK
b
νgab and K
a
µK
b
νpab are invariant, and consequently so is Tµν . )
Initial data for the Cauchy problem for translation equivariant frame
fields consists of Lie-algebra valued functions {Eˆa(x), Hˆa(x), Bˆa(x)} on Σ
which satisfy the constraint
∂xHˆ
a = −CbcaEˆb(Hˆc −Rc). (158)
A solution to the Cauchy problem is a set of fields {Ea(x, t), Ha(x, t), Ba(x, t)}
satisfying equations (154) to (157) and the initial conditions (92).
The global existence result, and its corollary, are stated as follows. Let Σ
denote R1 or S1, and introduce coordinates (x, t) for Σ× R1. Fix constants
vt, vx, vy. Let G be a Lie group and let R
a be a fixed (constant) vector in
the Lie algebra of G. Assume G admits on its Lie algebra a positive definite
metric tensor gab and a skew tensor pab which are each invariant under the
adjoint action of the Lie subgroup generated by Ra:
gaeCbc
eRc = −gbeCaceRc (159)
paeCbc
eRc = pbeCac
eRc (160)
where Cbc
a denotes the Lie-algebra commutator structure tensor. Let Qabc
be the tensor defined by (54).
Theorem 4. Let λ be a small constant.4 For any smooth compact support
initial data (92) satisfying (158), the Cauchy problem (154) to (157) has a
unique smooth global solution {Ea(x, t), Ha(x, t), Ba(x, t)} for all t ∈ R1.
From Propositions 2 and 3 we obtain a corresponding result for wave
maps.
Theorem 5. The Cauchy problems for conjugate-translation equivariant
wave maps (14) and for right-translation equivariant wave maps (13), with or
without torsion, have unique smooth global solutions for all smooth compact
support initial data.
Remark 2: Under the translation invariant form (61) for frame fields, which
corresponds to left-translation equivariant (12) or translation invariant (10)
wave maps, the reduction of the frame field equations and corresponding wave
map equation is consistent for any Lie group target with (G, g, p) invariant
under left multiplication. However, this is not the case under the transla-
tion equivariant form (62) for frame fields, which corresponds to conjugate-
translation equivariant (14) or right-translation equivariant (12) wave maps.
The translation equivariance ansatz gives a consistent reduction of the frame
field equations and corresponding wave map equation only if the target geom-
etry (G, g, p) is invariant under right multiplication by the translation group
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generated by the Lie algebra element R appearing in (12) to (14) for wave
maps and (62) for frame fields. We refer to this condition, given by (159) and
(160), as translation invariance of the target. As shown in Proposition A in
the appendix, every compact semi-simple Lie group G admits a translation
invariant geometry (G, g, p), except that the dimension of G must be greater
than three to support a non-zero torsion Q (see Remark 1).
Proof of Theorem 4:
The proof of Theorem 4 is very similar to that of Theorem 2. We summarize
the differences (if any) in each step.
Step 1: Conserved Energy
Since the expression for the energy is unchanged and since it is conserved,
there are no changes in obtaining L2 bounds for Ea(x, t), Ha(x, t), Ba(x, t).
Step 2: Bounded Ha
Instead of (112), we have
∫
Σ
|∂xHa|dx ≤
∫
Σ
|CbcaEbHc|dx+
∫
Σ
|CbcaEbRc|dx. (161)
The first of the two terms on the right hand side of (161) may be handled as
in (113). As for the second term, we have
∫
Σ
|CbcaEbRc|dx ≤ k25
∫
Σ
|Eb|dx
< k25(
∫
Σ
E2dx)1/2
≤ k26 (162)
where the second inequality uses the compact support of Eb together with
the Holder inequality, and the last inequality follows from the L2 bound on
Ea. Hence we obtain
∫
Σ
|∂xHa|dx ≤ k27 (163)
analogous to (114).
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If Σ = R1, the argument leading to a pointwise bound on Ha(x, t) for
t ∈ I proceeds exactly as in the proof of Theorem 2. If Σ = S1, then we need
to modify the argument which begins with (116). We have
∫
S1
Ha(x, t)dx = −
∫ t
t0
∫
S1
CabcB
b(x, s)(Hc(x, s) +Rc)dxds
+
∫
S1
Ha(x, t0)dx. (164)
The term
∫ t
t0
∫
S1 C
a
bcB
b(x, s)Rcdxds can be bounded from above using the
same quadratic inequality that is used in (162), and so we obtain
|
∫
S1
Ha(x, t)dx| ≤ k28 (165)
analogous to (119). The argument for pointwise bounds on Ha(x, t) for
Σ = S1 can then be completed as in the proof of Theorem 2.
Step 3: Bounded Ea and Ba
From inequalities (126) and (127) onward, the light-cone arguments used to
bound Ea(x, t) and Ba(x, t) in the proof of Theorem 2 work identically to
bound Ea(x, t) and Ba(x, t) here. To arrive at (126) and (127) we use the
following equations, analogous to (122) and (123),
∂n(B + E)
2 = −2Hb(Hc +Rc)(Ba + Ea)Cabc
−2λ(vt + vx)Ha(−Bb + Eb)(Bc + Ec)Qbca
+2λ(vt − vx)CbcaRb(Bc + Ec)(Bb −Eb)pab, (166)
∂n(−B + E)2 = −2Hb(Hc +Rc)(−Ba + Ea)Cabc
−2λ(−vt + vx)Ha(−Bb + Eb)(Bc + Ec)Qbca
+2λ(vt + vx)Cbc
aRb(−Bc + Ec)(Bb + Eb)pab. (167)
Adopting the notation αa := Ba + Ea, βa := −Ba + Ea, these equations
become
∂nα
2 = −2CabcHb(Hc +Rc)αa
−2λ(vt + vx)QbcaHaβbαc + 2λ(vt + vx)RbαcβbCbcapab, (168)
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∂ℓβ
2 = −2CabcHb(Hc +Rc)βa
−2λ(−vt + vx)QbcaHaβaαc + 2λ(vt + vx)RbβcαbCbcapab.(169)
Then, noting that Cabc, Qabc, λ, vt, vx and R are constant, and recalling that
Ha is bounded on Σ× I, we obtain
∂nα
2 ≤ k29
√
α2 + k30
√
α2
√
β2 (170)
and
∂ℓβ
2 ≤ k31
√
β2 + k32
√
α2
√
β2 (171)
which are identical to (126) and (127).
Step 4: Bounded Derivatives
One can see in Step 2 and Step 3 that the presence of the commutator
terms involving R in the field equations (154) to (157) changes little in the
arguments for boundedness, since these extra terms are easily controlled by
the analogous quadratic terms appearing in the equations. The same holds
true for Step 4. We can define the derivative stress-energy components just
as in (140) to (143) and then obtain conservation equations similar to (144)
to (145), with small modifications in the expressions Y1 and Y2 which appear
there. These modifications are readily handled in deriving the estimate (148)
and (149). The rest of the argument proceeds unchanged.
Hence we obtain global existence.
6 CONCLUDING REMARKS
The wave map global existence results we have obtained here extend previ-
ous work in two significant ways. First, our study of translation equivariant
critical wave maps for Lie group targets (Theorems 3 and 5) provides a coun-
terpart to work on rotationally equivariant critical wave maps for symmetric-
space targets (see [4, 6]). Second, our inclusion of torsion gives an interesting
generalization of critical wave maps for arbitrary targets, which ties into cur-
rent work on integrable chiral models in 2+1 dimensions in the case of Lie
group targets [8].
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Furthermore, our results demonstrate the utility of the frame formula-
tion of wave maps for Lie group targets (Proposition 1). The translation-
equivariant reduction of critical wave maps studied here is motivated by this
formulation and the analysis is especially straightforward in terms of frames.
An important question to investigate for future work is how the frame formu-
lation might help in understanding the unreduced critical wave map equation
for general Lie group targets and symmetric-space targets.
APPENDIX
Proposition A. Let G be a semi-simple Lie group with commutator structure
tensor Cbc
a.
1. The Lie algebra of G admits a translation invariant (159) positive-
definite metric gab if G is compact.
2. The Lie algebra of G admits a translation invariant (160) skew-tensor
pab with non-zero torsion (54) if G is compact and has dimension
greater than three.
3. If G has dimension three then the torsion (54) is zero for every skew-
tensor pab on the Lie algebra of G.
Proof of 1: If G is compact then its Lie algebra admits an invariant positive-
definite metric gab (see, e.g. [13]), which satisfies
gaeCbc
e = −gbeCace. (172)
(In particular, the Cartan-Killing metric given by gab := −CaecCbce is both
invariant and positive-definite.) Hence condition (159) holds.
Proof of 2 and 3: Hereafter gab denotes the Cartan-Killing metric. We first
remark that, for any G, the natural construction
pab := Cab
dgdeR
e (173)
is easily seen to yield a translation invariant skew-tensor. But the resulting
torsion tensor (54) is always zero, since
pe[aCbc]
e = Ce[a
dCbc]
egdfR
f = 0 (174)
34
by the Jacobi identity.
In three dimensions it is easy to show that Cab
egec must be proportional
to the totally-skew Levi-Civita tensor ǫabc, while any skew-tensor pab can be
expressed in the form
pab = ǫabcp
c (175)
for some vector pc in the Lie algebra of G. Thus, it follows that pab must
have the form (173) where Re is proportional to pe, and hence from (173)
and (174) we have that the torsion tensor (54) is zero. This shows that there
is no torsion for any three-dimensional G (and hence none in particular with
pab being translation invariant).
Now suppose G has dimension greater than three. In this case, G must
have rank greater than one and hence the Lie algebra of G possesses an
abelian subalgebra of dimension at least two (see, e.g. [13]). This allows the
explicit construction of a translation invariant skew-tensor pab as follows. Let
pa, qa be any two (linearly independent) commuting vectors in the Lie algebra
ofG, so paqbCab
c = 0, and let pe := geap
a, qe := geaq
a. Set Ra := αpa+βqa 6= 0
with constants α, β. Then it is straightforward to show that the skew-tensor
defined by
pab := 2p[aqb] (176)
is translation invariant as a consequence of p and q commuting with R. Now
it remains to show that the torsion tensor given by (54) and (176) is non-zero.
We have
gadQ
d
bc = 3/2(peq[aCbc]
e − qep[aCbc]e). (177)
To show that the tensor (177) is non-zero when G is compact, we contract
(177) with the vector sa = paqeqe − qapeqe satisfying saqa = 0. This yields
sagadQ
d
bc = −1/2sapaCbceqe. (178)
with sapa = p
apaq
dqd − (paqa)2 6= 0 due to positive-definiteness of gab.
Moreover, since G is semi-simple, its Lie algebra has empty center and so
Cbc
eqe = Ceb
aqegca is non-zero (that is, there exists a vector v
b so that
Ceb
aqevb 6= 0). Therefore, sagadQdbc is non-zero and thus so is the torsion
tensor (177).
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